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BY
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1. Introduction. In this paper we shall consider the selfadjoint operator A
given by the negative Laplacian acting on functions that satisfy certain homo-
geneous boundary conditions in a class of domains with infinite boundaries in
N-dimensional Euclidean space, R" (N=2). We shall construct two complete,
orthogonal sets of generalized eigenfunctions for the operator A. These generalized
eigenfunctions will be referred to as distorted plane waves. In a succeeding paper
we shall apply these results to scattering theory.

Distorted plane waves were first used in proving an expansion theorem by Ikebe
[6].. He treated the case of the Schroedinger operator —A +¢g(x) acting on L,(R®),
q(x) being a potential function. Distorted plane waves were also used by Shenk
[13] and Shizuta [14] in dealing with the operator —A acting on L,(D), D being the
exterior of a bounded domain with smooth boundary. In [13], it was proven that
for D<= RY (N 22), this operator is unitarily equivalent to the operator —A acting
on Ly(RY). This result was also proven in a paper by Lax and Phillips [9] (for ¥
odd), employing a different method.

The domains Q we are considering are perturbed infinite or semi-infinite cylin-
ders. Q is contained in an infinite (or semi-infinite) cylinder S and obtained from
S by perturbing a finite portion of the boundary of S. The cylinder S may have
arbitrary cross-section.

We first consider the operator 4,(4) given by —A acting on functions which
vanish on the boundary $() of S(Q). Separation of variables yields a complete,
orthogonal set of generalized eigenfunctions W2(x; ) for the operator 4,. These
functions satisfy the boundary value problem:

A+)W2x; ) =0inS, W2(x;A) =0o0nsS.
In §2, we use these generalized eigenfunctions in the usual manner to establish
a spectral representation for the operator 4,. We easily conclude from this repre-
sentation that the spectrum of A4,, o(4,), is absolutely continuous and mq(2), the
spectral multiplicity of each point A in o(4,) is finite, piecewise constant and non-
decreasing. Furthermore mg(A) —c0 as A — 0.
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In §§3-5, we show, using the method of distorted plane waves that for a per-
turbed infinite cylinder Q, the continuous part of the operator 4, denoted by A°,
is unitarily equivalent to 4,. In §3 we construct a set of generalized eigenfunctions
W.E(x; A) for the operator 4. They are expressed in the form W;E(x; )= W2(x; A)
+VE(x; A). Vi(x; A), the “outgoing solutions”, satisfy the boundary value
problem

A+N)Vi(x;0) =0inQ,  Vi(x;0) = —W2x; ) on Q,

as well as certain “radiation conditions” at infinity. These conditions correspond
to the outgoing Sommerfeld radiation conditions associated with the exterior
problem. The functions V,;}(x; A) are constructed with the aid of the principle of
limiting absorption, proven by Eidus [3] for a semi-infinite cylinder. A second
set of generalized eigenfunctions W (x; \)=W2(x; )+ V; (x; A) may be con-
structed in the same way. Here V; (x; A) satisfies certain “incoming radiation
conditions”’. The methods of potential theory used in [13] and [14] to establish
the existence of the distorted plane waves are not applicable here since the boundary
of Q has infinite length.

In §§4 and S we construct a pair of spectral representations for the operator 4¢,
using the generalized eigenfuncfions W.x(x; A). The main results of the paper are
embodied in Theorems 4.1 and 5.1. Lemma 4.2, which enables us to treat the case
N =4, is analogous to a result proven in [13].

In §6, we discuss the perturbed semi-infinite cylinder, proving all of the above
results for this case. In particular it follows that for a class of perturbed semi-
infiite cylinders Q, considered by Rellich [11], for which 4 has no point eigen-
values, A is unitarily equivalent to A4,.

In §7, we consider the more general class of boundary conditions

ou(xy,y ..., X,
—’i(_l—an—_N) = P(xh' (R} xN-—l)F'(xla RS xN)’

where p(xy,...,xy-1)S0 and p is a piecewise continuous function. Results
analogous to those of §§3 and 4 are given for the operators A§ and 4° determined
by these boundary conditions.

Finally in §8 we consider a class of perturbed infinite (semi-infinite) cylinders €,
which need not satisfy the condition Q< S. In this case it is shown that there can
be at most a finite number of bounded linearly independent generalized eigen-
functions associated with any real number A. The proof is based on a generalized
Phragmén-Lindeldf Theorem, due to Lax [8], dealing with the solutions of elliptic
boundary value problems in a perturbed cylinder.

2. Preliminary results. The main result of this section is an expansion theorem,
dealing with functions square integrable in a cylinder. We begin with some
definitions.
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Suppose B is an arbitrary domain in R¥ with boundary B. Set x=(x,,. .., xy),
X=(xy,..., xy_1). Thus x=(%, xy). For each function ¢(x) in C&(B), and each

integer m=0, set
1/2
Z f ID“(PP dX) ’
laj=m v B

I#hmes, =

where a=(ay, . .., ay), |¢| =%, a,, each «, is a nonnegative integer, and

e
3xg1 . .axg’N

We denote by H,,(B) the closure of Cg°(B) under the norm given by | | mesy

We consider the Friedrichs extension, 4, of the operator given by —A acting on
C5°(B). A may be defined as follows. The domain of 4, D(A3), shall consist of all
functions u(x) in Hy(B) for which there exists a function w(x) in Hy(B)=Ly(B)
satisfying the condition:

< Op Of —
Zl Ba_xja_x,dx = J;(Pde
for all g(x) in H,(B). For each such u(x), set Agu=w. It is well known [4] that the
operator Ay is nonnegative.

Denote by S’ the semi-infinite cylinder x, =0, % € /, where / is a bounded N—1
dimensional domain lying in the hyperplane xy=0. We next obtain a spectral
representation for the operator Ag. Consider the set of elements of the form
F={HEO}={£1(6), f:(6), ...}, where each function f,(¢) is square integrable over
(0,00), and 3, [5 |fa(§)|?dé<co. For any two such elements f={f,(¢)},
q ={qn(§)} , set

s u = f [ memea

Denote the resulting Hilbert space by H.

Since the cylindrical cross-section / is a bounded N—1 dimensional domain,
it follows that there exists a complete, countable, orthonormal set of eigenfunctions
for the operator A,. Denote the eigenvalues of A,, ordered increasingly, by {v,}.
and the corresponding orthonormal eigenfunctions by 7,(%). For each f(x) in
Ly(S"), set

. 2 1/2 XN,
Tof = Lim. (1-7) f j sin fx,,ﬁ,,(i)}f(x) dx,
1Jo

XN— O

where Li.m. signifies that the limit is to be taken in the sense of the Hilbert space H.

Denote T,f by /°={/2(¢)}.
For each element g={q,(¢)} in H, set

T = (3", tim. > [ a@sin om0 de

M- ©;8*—> o n=1
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where the limit is to be taken in the sense of Ly(S"). We now state without proof
the expansion theorem referred to at the beginning of this section. It may be proven
in the same way as the ordinary Fourier expansion theorem for functions in
Ly(R").

THEOREM 2.1. Ty, is a unitary transformation from L,(S') onto H. T, =T =T *.

The functions wi(x; &)=(2/m)*2 sin éxym,(X) constitute a set of generalized
eigenfunctions of the operator Ag. wd(x; £) satisfies the boundary value problem

(A+E+v)w3(x; 6 =0,  wi(x;€) =0on "
The functions wi(x; £) will be referred to as plane waves. Theorem 2.1 tells us that

they form a complete, orthogonal set of generalized eigenfunctions of 4. For each
function ¢(x) in C§(S’), it follows by integration by parts that

To(—Ap) = {(£*+va)P(6)}-

For each n=1, 2, . . ., make the substitution A= £2+v,. Set U, f={/2(A—v,)*'2)}
={g.(N)} for every function f(x) in L,(S"). By Theorem 2.1, we have:

< [ dA
s = 1= 2 [ 100 g5

n=1

Set H' =@, La(vn, 0; dA/2(A—v,)*?). It follows that U, is a unitary mapping
from Ly(S’) onto H'. We also have Uy(Asf)={Ag.(\)} for each fin D(Ag). Thus
U, gives a spectral representation of the selfadjoint operator 4s. The spectrum
of Ag is continuous and the spectral multiplicity mo(A) has the value n for
v, £ A<y, 1. Thus my(X) jumps at each point v, and my(A) — 00 as A —o0.

Analogous results hold for the operator 4; where S is an infinite cylinder, with
cross-section /. In this case, the generalized eigenfunctions wi(x; £) are given by
(2m) ~2e"%*ny, (%), where n=1, 2,..., and £ € R'. The completeness and orthog-
onality of these generalized eigenfunctions as well as the spectral representation
of Ag follows in the same way.

3. The distorted plane waves. We begin this section by defining precisely the
domains Q we shall be considering. Let Q be a domain in R¥ composed of two
parts Q; and Q,. Suppose that Q satisfies the following conditions (see Figure 1).

(

Qa Ql

)

FIGURE 1
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(1) Q is contained in the infinite cylinder S described in §1.

(2) Q, is bounded and is contained in —A<xy<h (0<h).

(3) Q; coincides with S for A< |xy].

(4) Qis a C= surface(?).

Let Q;, (Q;N) represent that part of Q (Q) in which |xy| < %y. Let Q1.2 (Q;;,xg,)
represent that part of Q (Q) in which x} < xy < x2. Denote

1/ Ima,> BY 111

MxN)
for each fin H,(Q;,), with a similar notation for
"f"m(nxhx%)'

Finally, let /;, represent the intersection of Q with the hyperplane xy=Xy.

Denote A5 and A, by A, and A, respectively. 4 may have at most a countable
number of point eigenvalues {A;} of finite multiplicity(®). Denoting the orthonormal
eigenfunctions of 4 by {w,(x)}, we let P denote the projection operator taking
L,(Q) onto the subspace spanned by the eigenfunctions {w,(x)}. Set 4°=(I—P)A.
Thus A° represents the continuous part of the operator 4. We shall ultimately
prove that A° is unitarily equivalent to A,.

In the remainder of this section we shall construct a set of generalized eigen-
functions (distorted plane waves) of the operator 4. We begin by solving the
following boundary value problem:

@3.1) (~A=Nu(x) = F(x)inQ, pu(x)=00nQ

where A>0, F(x) e C*(Q), and F(x)=0 for h<h’'=|xy|. We proceed to solve
this boundary value problem, using the method of limiting absorption employed
by Eidus [3] in dealing with a perturbed semi-infinite cylinder.

For X € o(A), (3.1) will not always have a solution in Ly(2). We first define a
topological space y in which (3.1) is a well-posed problem. Consider the set of
functions f(x) defined in Q, which satisfy the following conditions:

(a) fe HY(Q). (This means that for each compact interior subregion Q'<Q,
we have fe Hy(Q'), i.e., D?fe L,(Q') for |«| £2. By definition

e, = 3| 1017 )

(b) There exists a sequence of functions {f,(x)} such that f, € H*(Q), fu(x)
vanishes in boundary strips along Q, and such that in any region Q;,, we have
If2=f 12y, = O. Denote the set of functions satisfying (a) and (b) by x". We define

(?) Actually we need only assume that Q belongs to class CN*2,
(®) The finite multiplicity follows from Theorem 8.1.
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a topology in the set x’ as follows. A sequence {f,} in x’ will be said to converge to
a function f(x) (written f, 7> f) if:

@) [ fa—fl2e,—> 0 for each compact interior subregion €', and

o®) |fa—f "1(0,;,,) — 0 for each Xy.
Notice that this implies f'€ x'. We denote the resulting topological space by .
For fin yx, set Af= —Af.

Let A denote all those real numbers contained in (v, ), other than the sequence
{va}; {An}. For each function u(x) in y, set

pi(xy) = f

Ix

I\

N

and set

() = f W) (%) d% for xy S —H.

Ixn

Now for A in A and £>0, set p(x)=(4—A—ie)"1F(x). We shall show that as
e| 0, u® 7> pu, where p satisfies (3.1) as well as the following conditions:

(3.2) w5 (x) = C5* exp [— (v — 2)2|xx]],

o\
G (5). " o) = 7 €522,= 12 exp [ = )1 2Lxy]

where C{* are constants, (v;—A)Y2= —i(A—v))*?, and h'<|xy|. Thus u(x) and
ou/oxy will be expressed as Fourier series:

u(x) = 2 C} exp [ (v,— ) "2xyIn,(),

op

oxy  {

[\

= Cf (r;— N2 exp [— (v;— V) xyIns(%),

1
for 4’ < xy, with a similar expansion for xy < —A'.

LeEMMA 3.1.

(u)*2(xw) = C§* exp [ (v;— A—ie)"*|xy]],

6p‘ (%)
(7) "tra) = 7 €= A—i0)? exp [ = A=ie 2zl
N/§

where Re (vj—A—ie)''2> 0, the C§*’ are constants, and b’ < |xy]|.

To prove the lemma, we observe that: (1) the functions (u®)j*’(xy) satisfy the
differential equation

d*(p)y ) dxg — (v;— A—ie)(p);® = 0,

and (2) p?(x) € Ly(Q). Lemma 3.1 follows immediately from this.
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THEOREM 3.1 (UNIQUENESS THEOREM). Suppose A€ A, v, <A<w, ., p(x) € x, and
Ap= M. Suppose also that conditions (3.2) and (3.3) hold. Then u=0.

Proof. We shall show that u(x) e Ly(Q). This would imply that p=0 since
Ae A. It follows from (3.2) and (3.3) that the Fourier expansion of u(x) and
Ou/0xy have the form

L4

(4) ulx) = jZ C7 exp iA=v) By B+ > C exp [— 5= ) 2xybny(3),

j=r+1

T - i C (\=v)"2 exp [i(A—v) 2y ], (%)

(3.5) — S =N exp [ 65— )M Exubn(®)

ji=r+1

for A’ £ xy. Similar expansions hold for xy £ —/’. Applying the divergence theorem
to the functions u(x) and f(x), and making use of the facts that u=0 on Q and
—Ap=2p in Q, we have by integrating over Q,,,

B O\ e '
(3.6) f (axN—,uaxN)dx J;_’m(;l.a—xN—p.axN)dx—o for ' < xy.

Substituting the Fourier expansions for u(x) and a(x) into (3.6), we obtain:

2i 3 |CH P =v)!242i 3 |CF[*(A—v)!% = 0
i=1 i=1
Hence C#=0, j=1,...,r. This shows that u(x) e L,(Q) and the theorem is
proven. Q.E.D.
We next establish the existence of a solution to the boundary value problem
(3.1). Set

(3.7 e (%) = (A—A—v—ie)'2F(x), where e, v > 0, and A€ A.

The proof of the following existence theorem will be based on certain elliptic
estimates, the Fourier expansions of the functions ., ,, and Theorem 3.1.

THEOREM 3.2. Suppose A€ A. Then there exists a function u(x) €y such that
Bev 7> 1 as & v —> 0. p satisfies the equation Au=u+F as well as the conditions
(3.2) and (3.3).

Proof. We first show that if A’ < xy, then:

(3.8) lttesllosy, = € uniformly for e, v > 0.

Assume that (3.8) does not hold for a particular xy> 4. Then there exists a sub-
sequence {u, ,; for which |u, ,[lo;,, = o as e, v — 0. (In arguments of this type we
shall denote the members of the subsequence by the same letter as the members
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of the original sequence. Also, we shall denote different constants by the same
letter C when there is no danger of confusion.)
Set &, =ps,f | #e,v]lozy, Thus we have

(3‘9) “F’:V"O(x'n) = 1’
and
(3.10) ApZy = A+vtiepd, + FF,,

where F¥,=F/||pe,] 0, It is easy to show [3] that for 0<%y <xy, we have
(3.11) ||,Mf,v"1(5em = C[II#Z".vllo(,;,,ﬁ I Al"?,vno(&m]‘

Using (3.9), (3.10), and (3.11), we have

(3.12) |#&slliz,, £ € uniformly in e and ».

By the Rellich selection theorem, we may choose a subsequence {u.*,} and a function
w* defined in Q;, satisfying the condition

(3.13) ledy—#*losy, >0  asev—0.
Since [|F,|oq, — 0, we conclude from (3.10), (3.11), and (3.13) that
(.19 &y —p* |1y, =0 for each 0 < %y < Xy.

We next wish to extend the function p* to all of Q and show that (3.14) holds for
every 0< Xy.
We have the following easily derived inequality

al""sk. v 2

0Xy

2
¥ |28 < = % |12 1.2
J;xy IF’E.V‘ = |x11v—x%l| ||p€’v"°(x}'x'2”+2lx)v le 0cxy 3>

where x} <xy<x%.h' <x}. Thus {u¥,} converges in the sense of Ly(/;,) for
h' S Xy <Xy. By Lemma 2.1, we have

ut, = ji Ci (e, v) exp [— (vy— A—v— ie)2xyIn,(3)
(3.15)
C (e, v) exp [ (vy— A—v— i) ey — K ny(®)

I
[\Y%L]

-
]

1

for &’ < xy, where Re (v,—A—v—ie)'2>0 for j=1,2,..., and C} (¢, v) = C} (s, v)
-exp [—(v;—A—v—ie)!/2h’]. Similarly for xy < —h’. The convergence in the sense of
Ly(l,)) and Ly(l_,) implies that for each j, there exist constants Cj*” such that

(3.16) > G (e, )= CH2 >0 ase,v—0.
j=1
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Also, (v;—A—ie—v)2— —i(A—v)*? for j<r and (v;—A—ie—v)'2 — (v;— )2
for j>r as e, v— 0. It thus follows from (3.15) and (3.16) that

(3.17) Iy —1* 10y = 0

for each xy, where outside the domain Q,., u* is defined as follows
p*(x) = > C} exp [i(A—v))"2(xy—h)ny(%)
i=1

+ > C exp [—(— N3y — k%) for K < xy, and
(3.18) 1=
p*(x) = > Ci exp [—i(A—v)"2(xy+h) (%)

i=1

-

0

+ > Ci exp (= N0+ H)ni(®) for xy < —H'.

j=r+1

We now apply the following inequality [10].

"I"’?.V”2(n~) é C["l"’tﬂ’“()(n')-l' " A/"':-vuom')]

where Q" and Q' are arbitrary bounded interior subregions of Q and Q"< (',
We thus have p¥, 7> p*. Therefore

(3.19) Ap* = Mu*.

Since du¥*,/0xy=0 on Q1,2 for ' < x} < x%, we may apply the preceding argu-

XNXN

ments to the functions ou¥,/0xy and du*/oxy to obtain
3L =i 2 CFO=2) 2 exp i =) Pxln(®)

(5.20) - Z Ci (v;— )2 exp [— (v;— N)2xyIn,(X) for i’ = xy, and
. j=r+

B i3 CrQ—w) exp [—i(A=5) Pxaln(®)

=
+ > C7(yy— N2 exp [(n— N2xyInf®) for xy< —h'.

It follows from (3.18)~(3.20) and Theorem 3.1 that p*=0. This is impossible since
le¥ Moz, =1 and [lu,—p*[lo,, — 0. We have thus proven that | s[04, =C. |

It now follows as before that there exists a subsequence {,,,} and a function
w(x) such that p,, 7> u, and p(x) satisfies the conditions (3.2) and (3.3) as well
as the equation Au=Au+ F. Theorem 3.1 implies that the original sequence {x, .}
converges in the sense of y to u(x). The theorem is thus proven. Q.E.D.

We may generalize Theorem 3.2 in the following manner. Define A, to be the
set of all complex numbers A in the upper half plane (Im A20) other than the
sequences {},} and {v,}. Let Ay represent an arbitrary bounded subset of A;.
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Instead of a single function F(x), we consider a sequence of functions F;(x) such that
each F; e C*(Q) and F;(x)=0 for 4’ <|xy| (h’ being the same for all j). For each
Ain A, let u,(x; A) be the solution of the equation Au,=Au,+ F,, which satisfies
the conditions (3.2) and (3.3). If A is nonreal, set u,(x; A)=(4—A)"'F,.

THEOREM 3.3. (a) Suppose |Fj|oo,SC Vj=1,2,.... Then [p(-; Moz, =C
for each xy. The constant C is independent of the function p/x; X) for each X in Ap,
j=12,....

(b) Suppose | F;— Fy|oq, —> 0 and X — X° as j — oo, where ¥ € A, j=0,1,....
Then |pi(- 5 M) —po(- 5 oy, = 0 for each xy.

Theorem 3.3 can be proven in exactly the same way as Theorem 3.2. We are
now in a position to construct the basic tools to be used in our expansion theorem.
These are the generalized eigenfunctions of the operator A4, to be denoted by
wi(x; €). wi(x; €) will be expressed in the form w; (x; £)=wi(x; &)+ v (x; &),
where v;} (x; £) is to satisfy the conditions (3.2) and (3.3) with A= £2+ v, (assuming
A#vy, j=1,2,...). vf(x; €) will be constructed as a solution to the boundary
value problem

[-A-(E+v)lor(x; ) =0,  vi(x;8) = —wi(x; §)

on Q. To do this, we use Theorem 3.2 and a standard argument for converting a
homogeneous equation with nonzero boundary conditions into an inhomogeneous
equation with zero boundary conditions.

Let {(xy) be a “cutoff” function satisfying the following conditions:

(@) &(xy) € C=(RY);

(b) &{(xy) =0for i’ = |xy|;

©) Uxy) = 1for [xy]| £ A

For x € Q, set G,(x; §)={(xn)Wi(x; ), and Fo(x; §)=[—A—(£2+v,)]1Gx(x; §).
Note that

(3.21) 1Ga(x; Ollow, = C.

Suppose that £2+v, € A. By Theorems 3.1 and 3.2, we have a unique solution
ta(x; €) in x of the equation

Aun(x; &) = (E+vaualx; )+ Folx; §),
such that p,(x; £) satisfies (3.2) and (3.3). Set

Oa(x; &) = palx; €)—Ga(x; €), and

(3.22) wa(x; £) = Wo(x; &)+ va(x; ).

We thus have w,(x; £)=0 on Q, and [A+(£2+v,)]wa(x; £)=0. The functions
wa(x; €) will be referred to as distorted plane waves.
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We shall also need the following set of functions. Let « be a complex number
such that Im «>0. Set

(3.23) Fu(x; &5 1) = (—A—x)Gy(x; §),
(3.29) pn(x; €5 k) = (A—K) " Fy(x; €; 1),
(3.25) ua(X; €5 k) = —Go(x; &) +palx; &5 k),
and

(3.26) wa(x; €; k) = walx; §)+valx; €5 «).

Set va(x; €; E2+vn)=0v4(x; &) and wy(x; &5 E2+va)=wy(x; §) for £2+v, € A,

Note. (1) w,(x; &; xK)=00n Q and satisfies the equation (—A — £2—v )w,(x; €; k)
=(k— E—vp)vy(x; €; ).

(2) It follows from Lemma 3.1 that v,(x; &; «) dies down exponentially at
infinity.

(3) wa(x; €; «) is an “approximate eigenfunction” for « close to ¢2+v, in the
sense that w,(x; &; k) —wu(x; €) 7> 0 as « — £2+v,. This follows from Theorem
3.3..

THEOREM 3.4. Consider the set of numbers « in Ay such that for each positive
integer j, we have Re (v;—«)/25£0. We choose that square root for which

Re(;— k)2 >0, j=1,2,....

Then
(a) For each multi-index o=(«,, ..., ay), there exists an integer M, and a
constant C, such that
(3.27) max | D%0n(x; €; k)| S Co€2+vn)¥e,
XN

where C, depends only on xy. D* signifies differentidation with respect to Xy, ..., Xy.

(b) For each fixed complex number « such that Im « > 0, and for each o=, . . ., @)
there exist constants C, and d,>0 and an integer M, such that for all points x in Q
Sfor which xy is sufficiently large we have

(3.28) | Dva(x; €; 6)| S (62 +vp)MeCy exp [—dpxy],
the constants being independent of ¢ and n. They will, however, depend on «.

Proof. (a) It follows from the theory of elliptic equations [1] that for each w
in Hy(B) where B is a bounded domain with sufficiently smooth boundary we
have

"w"J“'Z(B) § C["Aw”J(B)+ "wllo(B)] pIOVided "Aw".’(g) < w’

J being any nonnegative integer. Using Theorem 3.3, (3.21), and the definitions
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(3.23)~(3.25), it now follows by a simple induction argument that for each J, there
is some integer S; such that |v.(x; £; )]s, S C(E2+v,)™.

Applying Sobolev’s theorem [15], we obtain (3.27). Part (a) is thus proven.

(b) By Lemma 3.1 we have

va(x; €;6) = > CF (€, m)exp [— (=) 2xyIni(%)  for k' < xy,
i=1

(3.29)

C7 (¢, m) exp [(v— )" 2xyIns(%) for xy = —H'.

N

i

1

Using the expansions (3.29) and taking the integral of |v,(x; ¢; )|? over Q—Q,,,
we obtain the following estimate for c;(¢, n):

(3.30) lej(€, )| £ C(£2+v,) Re (v;—«)''? exp [Re (v;—«)'/2H'].

We also have the following inequality

(3.31) max | Dny(%)| £ Cp}**7,
xel

where C, is a constant. Part (b) now follows from (3.29)-(3.31). Q.E.D.

4. The expansion theorem. In §2, it was shown that the transformation T,
given by Top={[ $(x)wi(x; £) dx} for each ¢ in C5*(S), may be used to diagonalize
the operator 4,. In this section, we shall prove an analogous result for the operator 4.

We first define a transformation T from the dense subset C§°(€2) of Ly(Q) into the
Hilbert space H=@P;_, Ly(—00,, do,), where do,(¢§)=d§ for each n. For every
function ¢(x) in C{(Q), set

@1 T = 66 = { [ o0 & d}-

Denote the eigenvalues (in increasing order) and the corresponding orthonormal
eigenfunctions of 4 by ), and w,(x), respectively. Given any function f(x) in Ly(<2),
set

(4.2) f = fn F),(x) dx.

Note that it follows from the Fourier expansions of the functions wj(x) that they
die down exponentially for |xy| large.
We now state precisely the main result of this section.

THEOREM 4.1. (i) The transformation T given by (4.1) may be extended to a
continuous mapping of Ly(Q) onto a subspace & of H. For each f(x) in Ly(Q), we
have

17 = tim. { an SGmx; 6 def = (6



1969] EIGENFUNCTION EXPANSIONS. I 13

We also have

@3) 1 e = 1TF 3+ z 412
(ii) For f(x) in Ly(),

@ o= lim 5[ f@wesodtlin 3 fn)

a<&+y,<b

(iii) Given any bounded measurable function o(X), we have for each f(x) in Ly(Q)

@9 oy =1im [Z s Qo+ /0 dE+ S w,(x)oa»ﬁ].

2 4vp <t

Also, f(x) € D(A) if and only if

Zl f_: 1€ 4+v, |2 (0|2 dE+ Zl IM2I)2 < oo

In this case, we have
Ar=1im [z s OXE O dE+ S w,(x)afﬁ].

E24yy<J

In §5, we shall prove that the subspace % of Theorem 4.1 is the entire space H.
The remainder of this section will be devoted to proving Theorem 4.1. Let {E,}
represent the spectral resolution associated with the selfadjoint operator A. Thus
E,+=E,, and A=j A dE,. Theorem 4.1 will follow easily once we have proven
the following basic result. Suppose the interval [a, b] is a subset of A. Then

@8 HE+E o HEAEIR D0 =3 [ @ de

a<&2iyy<b
where ¢(x) € C3*(Q).
To prove (4.6), we use the well-known formula [16]:

4.7 H(Eo+E)f Nay—3(Ea+ E)f, Ny = I;iil(],l' % J:f I R; - 1ef | 2o d7

for each f(x) in Ly(Q), where R,_, represents the resolvent of A4, i.e., R,_;.f
=[A—(r—ie)]"Yf. Thus, the proof of (4.6) reduces to the evaluation of the limit
on the right hand side of (4.7). We begin by obtaining an expression for the
integr and " RI -ieP " %2(0)°

Suppose Im x>0, ¢ € C°(Q). Define the modified transform {¢,(¢; «)} as
follows:

43) #u(6 00 = [ olOmx; £ ) d.
We shall denote by ($,(¢; «))* the complex conjugate of (¢.(£; ).
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LeMMA 4.1. Suppose ¢(x) € C{ (). Then

(a) $.(¢; k) is continuous as a function of « for fixed ¢ and n, where « € A,.

(b) |§a(€; ©)| S (£2+v,)2C, where M, is an integer and C is a constant independent
of & n, and « for « in Ag (a bounded subset of A,).

The proof of Lemma 4.1 follows immediately from Theorems 3.3 and 3.4 and the
Definition (3.26) of w,(x; &; «).

THEOREM 4.2. Suppose ¢(x) € C5°(2). Then

#9) Repltu = 3. [ 1€+ 0n(es 01

where Im «>0.

Proof. Denote by 2’ the set of elements g={g,(¢)} in H satisfying the conditions
(1) g.(¢§)=0 for n= M, where M is some positive integer depending on g, (2) each
g.(8) € CE(R?), and (3) each ¢,(¢) vanishes in a neighborhood of the numbers ¢
for which €+v,=v; or £&+v,=A;, j=1,2,.... Let £ denote the dense subset
of L,(S) consisting of functions #(x) for which 7% € £’. For {)(x) in 2, denote the
restriction of ¥(x) to the domain Q by i,. Since R, and R; are adjoints, we have:

(4.10) (Rep; Ya)y = (#, R(¥a)) -

Now R,(o) may be explicitly given by the formula

@.11) R)® = Ry ) = > [ o@mlxi &9 de

n=19d-o §2+Vn_'<

for x in Q. To see that (4.11) is true, we differentiate the series termwise under the
integral sign and observe that w,(x; £; «) satisfies the differential equation

4.12) (A= Iwy(x; &; 1) = (E+va—IWi(x; £),

as well as the boundary conditions w,(x; §; k)=0 on Q. Thus

@13) (-A-9R(0 = > [ BOW0 9 dE= 4 forxing,
and
4.14) Ry(x;K) =0 on Q.

It follows immediately from Theorem 3.4 and integration by parts that R,(x; «)
and its first and second derivatives are square integrable. We have thus completed
the proof of (4.11).

Now substitute (4.11) in equation (4.10) and interchange the order of the
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summation and integrations on the right hand side. (This may be justified using
Fubini’s theorem.) Thus

Repobdr = 3. [ (@ n=07 6l OGO
= (8 +v) (2 +vn—R) " ¢u(€; K), ‘2(5)(52 +vn) s

where J is an integer chosen sufficiently large that
{(£2+vn) (2 +va—R) " ¢u(; )} € H.

The fact that there exists such a J follows from Lemma 4.1 and the following
estimate, [2]:

(4.15)

4.16) > V% <o  for some integer J,.

n=1
We extend Rie to a function Rip defined in all of S as follows:

Rip(x) = Rip(x)  for x in Q,

4.17) .
=0 for x in S—Q.

Hence
(4.18)  (Rip, )y = (B+vn) /(E+va—R) " *¢u(; 1), PUAEE +va) ).

The isometric property of the transformation T, yields

(4.19) (Rip, ¥y = (£2+v,) (REP)Y(E), (& +v, ) PAE)-

The elements {(£2+v,)’J3(¢)}, ¢ € D, are clearly dense in H. Comparing (4.18)
and (4.19), we conclude:

(4.20) (Rip)0 = {(£2+vu—R) ™ 19u(é; 0)}.
Since Rip=0in S—Q, equation (4.20) and the unitarity of T, imply

IRl = | RepllEns = |(Rep)l = 2, f (€2 +vn—R) " 1u(é; 1) dE.
n=1J-o©

This completes the proof of the theorem. Q.E.D.
THEOREM 4.3. For each ¢(x) in C{(Q), equation (4.6) holds, i.e.,

(Bt B Do HEAEIo P = 5 [ 16O d,
a<&2+v,<b
where [a, b] € A.
Proof. Let A, ; represent the set of complex numbers «= 7+ ie satisfying the
conditions
(1) as7<b,
(2) 0<e=e,.
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Suppose k=7+ie € Ay . Then by Theorem 4.2, we have

© 2
lim - f "Rt is?’“z,z(n) dr = ]1m f J |9’n(f, K)| d¢ dr

s407 an=1 |§2 "_"l2

_ [§al€; 0 dr dg
l‘i’éw,, f f [

(where we used Fubini’s theorem and Lemma 4.1 to interchange the order of the
integrations and the summation). It will follow from Lemma 4.2 that

e * [§E: 0| dr dE _
(.21 EDI I R s B

E2+vp2b+1

Now employing (4.21), we obtain

im® [ 2 - ? [En(€; )| dr dE
(4.22) P{% 17'[; "R"“‘P"L“(m dr = z f llil(l) m ), (E24+v,—7)%+ &2

E24yp<b+1

We next make use of the following result [17]: If f(r, ¢) is a continuous function
of 7 and & for 0= e=< ¢y, and a < 7<p, then

(4.23) h%ﬂf d‘_*f;gi: —0 ifA<aorf <A,
— F(4,0) ifa<d<p.

In our case, for each fixed £ and n, set f(r, &)=|@.(¢; 7+ie)|2. By Lemma 4.1,
@n(€; ) is continuous in « for fixed £ and n. Consequently (4.23) yields:

. & [P|Pu(§; THiE)|2dr _
(4.24) }"1?3; a (£2+Vn_7)2+62 =0

if &€4+v, <aor £&+v, > b,
= |¢(&)|? ifa < &+v, <b.
We conclude from (4.22) and (4.24):
. & b A
@9  mc[IRewlhad =3 [ le@rd
o ¢ a<Z3+vy,<b
Combining (4.25) with (4.7) we see that the theorem will be proven as soon as we

establish the equality (4.21).
LemMA 4.2. For each ¢ in C5*(Q)

[$a(€; K)|? dr dE
#2D mts [ (@RS

E24+v2b+1

where k=7+ie € Agg p).

Proof. We shall first prove that

o © A —& :1)|2
wo 5[
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C being independent of « in Ay ;. It follows from the definitions of $3(¢) and
@a(€, «) that

uls 1) — (&) = jﬂ Bu(x; £ )p(x) dx.

Let ¢ be the set of functions /(x) defined in S and satisfying the condition that
AR(P) € D(Ay), i.e., A™) € Ly(S) and A™)=0 on S for each m=0, 1,.... Then

f PUO@E; )* — @) dE = 2 j B[ [ ontxs £ 0900 ax]

n=1

where B=support of p(x) and $)(x) € 4. We may use the fact that

S lerniord <o forj=1,2,.
n=1

as well as Theorem 3.4 and Fubini’s theorem to interchange the order of the
integrations and summation on the right hand side. Setting

@2 v = 3 [ dome e de,
n=14J-©

we thus have

> |7 e 0 -@or1d = [ #9043 0 dx.

Therefore

2l

4.28) < ([ totor ax)( [ 10stx; w17 )

< Cf [Uy(x; )|? dx,
B

2
JUO@(E; )* — (FE)*] dE

the constant C being independent of « in A, p;.

We wish to show that the integral on the right hand side of (4.28) is bounded
uniformly with respect to « in Ay, ,;. We denote by G,(x; y), Green’s function for
the operator 4 —«, where the parameter point y is confined to the set B. Now
U, € C2(Q), Uy(x; )= —¢(x) on Q and $(x)=0 on Q— ;. Hence for each y in
B, we have

0G,(x;
(429) Ui ) = = [, 9 LN gy,
where s, represents arc length along Q, and n represents the outward directed
normal on Q. We now prove that

(4.30) max

R xeQd}; veB

3Gx(x;y)‘ <C
22| sc
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Let G3(x; y) denote Green’s function for the operator A4,. It follows from the
results in a paper by Tikhonov and Samarskiy(*) [12] that

max
xe€iy; yeB

OG(x; y)l <C
on =7

where C is independent of « for all « in A, ;. We shall prove (4.30) by showing
that the function H.(x; y)=G(x; y)— G%(x; y) satisfies the inequality

(4.31) max | 2H(*3 %)

xefd}; veB

=C

uniformly in «.

We obtain an expression for H(x; y) in terms of the functions v;} (x; ¢; «) as
follows. Let I'(x) be a “cutoff”” function satisfying the following conditions:

(a) I'(x)=0 in a neighborhood of B.

(b) T'(x)=1 in a neighborhood of O,

(c) T'(x)=0 for |xy| > h.

(d) For each xy in R! and % €/, we have D*T'(xy, ¥)=0, where D® represents
any derivative with respect to the variables x;, ..., xy_;.

It is easily seen that the function I'(x)G3(x; y) € ¢ for each fixed point y in B.

We now consider the function Urgo(x; y; «). From the definition (4.27) of the
function Uy(x; ), it follows that (—A—k)U,(x; «)=0 in Q and Uy(x; k)= —(x)
on Q. Thus (—A,—x)Urga(x; y; ¥)=0 in Q and Urge(x; y; k)= —Gx; y) for
x on Q, where A, denotes differentiation with respect to the variables x;, . . ., xy.
We have thus shown that H.(x;y)=Ure(x; y; ), ie., Gidx;y)=GUx;y)
+ Urgo(x; y; «). Using the fact that T, is isometric and

[AMT(x)Gx; Y2,y < C,  foreachm =0,1,...,

we conclude that
@32) > " 1esnraepnord s c.
n=14v—-®

Estimate (4.32), the definition (3.27) of U,(x; ), the properties of v,(x; ¢; «)
given by Theorem 3.4(a); and the Schwarz inequality imply:
(4.33) max | D, Uree(x; y;«)| = max [D.H(x;y)| = C,

xegdj; veB xeQp; veB
the constant C being independent of « in A, ;; and y in B. The estimate (4.30) now
follows immediately.

(%) Furthermore, explicit representations are given for G3(x; y). For example, it is shown
that for the case N=3,
@ 3 3 _ — L )1/2 —
Q=3 1a(X)na() €xp [ (v,.llzx) [xv—ynl]
n=1 (n—x)
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Combining (4.28), (4.29), and (4.30), we have:

(4.34)

S |7 oteue -G ae

2
<c f 4(0)[2 ds,.
ah
We next employ the following estimates:
[, 10012 ds. < CIIZ, S CU-2+ DI,
h
=c 3 [T+ ernrmor
n=14J-©

Hence, for each (x) in ¢, we have

2

Z |7 ixotee or -xor 4

(4.35) S
sc S [ worar e

n=1
The constant C depends only on ¢.
Set Q,(€)=(1+ £2+v,)f2(¢). We may express (4.35) as follows:

i ® Ou(Ol(@n(€; ¥))* — (@a(£)*] d€
n=l1d-o 1+ 62 +vn

Now the set of elements {Q,(&)}={(1+£*+v,)J3(¢)} (where ¥(x) may be any
function in ¥) is dense in H since the elements (—A + 1))(x) clearly form a dense
subset of Ly(S) and T, is an isometry. Therefore (4.36) holds for all elements in
H and in particular for the elements

[$a(£; )= SAON
(I+&2+v,)
(It follows from (4.9) that this element belongs to H.)
Applying (4.36) to these elements, we have the estimate (4.26). From this it
follows immedately that

2

(4.36)

sc3 [ e

n=1

IA

S [ e o
n=1

o (1+E24v,)?

Since C is independent of « in A, ,;, we may now conclude that (4.21) holds for
each ¢(x) in C$(Q2). Q.E.D.

Having completed the proof of Theorem 4.3, we are now in a position to prove
the expansion theorem.

Proof of Theorem 4.1. (i) Suppose [ay, bo] € A. By Theorem 4.3, we have for
each ¢(x) in C3(Q),

H(Evo+ Evy)e, ) . Y(Eoot Eo3)Ps Py = Z f |$a(6)]2 dé.

a9 <&2+vy<bg
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From this it follows easily from the spectral theorem [16] that

@.37) IE—Eol? =3 [ u@de+ > I

=
a<&2%y,<b a<r=b

where [a, b] need not belong to A now. Letting a | 0, b 4 o0, we conclude that

(4.38) Iolluer = > [ 1600 de+ 3 16

This shows that the transformation T is continuous on a dense subset of Ly(Q)
and itcan be extended to a continuous mapping from L,(2) onto a closed subspace &
of H. Given f(x) in Ly(Q), set Tf={f,(¢£)}. The remainder of part (i) now follows
easily.

(ii) Suppose P(x) € CP(Q), f(x) € Ly(Q). It follows from equation (4.37) and the
polarization identity that

@.39) (Evo—Eudfs D = 5, f F(OW(O)* dt,

ap<&2+vp<bo

where [ao, bo] € A. Using the definition of ,(¢) and interchanging the order of the
integrations and summation, we obtain

(Boy— Ea)f By = (Z Fuewa(-; £ de, ¢)

a<&2+yp<bd «)

Since this is true for every ¥(x) in C(2), we have proven the following result:

EuEadf =3 [ S@m 0 de.

ag<&2+vp<bo
It now follows immediately that for any interval [a, b] (not necessarily in A)

@40  EB-E=3 [ ewmxod+ S fwe.

< <
a<&+vy<d a<as<b

Letting a | 0, b 400, we see that part (ii) is proven.
(iii) Suppose [ao, bo] € A. Let x(q,.5,; denote the characteristic function of the
interval [ao, bo]. As a consequence of (4.39), we have for every pair of functions

J(), q(x) in Ly(Q):

@4) G- Ede =3 [ OO & = Caooa Do

a9 <&2+vp<bo

where Xqa, 00/ = {Xtao.0a(E2 +vn)fa(€)}. Let x50y, denote the orthogonal projection
of X1a0.5,1f ONtO the subspace & Set

L
Xfﬁbaf = X[ao,uo]f —X%ﬁzbo]'
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Equation (4.41) implies
(4.42) (Evy— Eao)f, D> = (Eooors D

Since [ao, bo] € A, we have

((Boy— Eop)fs W = fn (Evy— Eo)f(X)Wy(x)dx =0  for j=1,2,....

It therefore follows from (4.38) and the polarization identity that

(4.43) ((Boo— E)s D = (((Ebo—an) ™ D
A comparison of the last equation with (4.42) shows that
(4.44) (Eso— Eo)f)"™ = xXfaphoart-

As a consequence of (4.37) we have

"(Ebo an)f" Ly = "X[ao bo]f"H

"X[ao bo]f"H"l‘ “X 20 b.,]f"m
Also

"(Ebo_an)f "%2(0) = "((Ebo'_an)f )A||12.3(m "X[ao bolf "%b

where we used (4.43) and (4.44). Hence xq, 00/= X{500f-
We have thus shown that for f(x) in Ly(Q), and [a,, b,] in A, the following
equation holds:

(4.45) (Boo=Eadf )™ = {(Xtao.00l( 62 +vn)fu(£)}.
The rest of part (iii) now follows directly from the spectral theorem. Q.E.D.

5. The unitarity of 7. In the preceding section, it was not shown that the
subspace & is all of H. This result will now be proven. We begin by proving that a
continuous linear transformation 7’ from H into L,(Q2) may be defined in such a
manner that for each ¢={q,(¢)} in H:

s.1) To=1im. 3 [ q@wix 0 de

24y, <b

Suppose g={g.(¢)} € 2’ (recall that the set &’ was defined in the proof of
Theorem 4.2). Set

L) =@ = 2 [ au@([ mies 670 ax) e,

where fe C5(Q). It is easily seen that for each g in 2, L (f) is a continuous con-
jugate linear functional on C§ (). Extend it to all of Ly(Q). L,(f) now represents



22 C. I. GOLDSTEIN [January

a bounded conjugate linear functional on L,(2). Hence by the Riesz representation
theorem there exists a unique function ¢’'(x) in L,(€2) such that

(52 L(f) = (¢". )

It follows from this that T'q=q’ for each ¢ in @, where T is defined by (5.1).
9 is dense in H. It follows from (5.2) that 7’ is continuous on 2. Hence we may
extend 7" to all of H. Equation (5.1) will now hold for each ¢ in H.

Next suppose the operator A has exactly k linearly independent eigenfunctions
(0=k =0). Denote by /Z the Hilbert space consisting of sequences of k-tuples of
complex numbers with the usual inner product. Thus, if a=(ey,..., o) l? and
B=(By, ..., Bi) € IZ, then ¥, |°‘j|f <00, 2.1 |Bs]? <00, and (e, B)z=2¥-1 o,;B;. We
shall consider the direct sum H of the Hilbert spaces H and /2. For each
§={g.(6)} {g;}} in 1-7’ set

T = Lim |5 [ qu@mlx; 9de+ 3 gm)|.
LA Y- MEM
T'q € Ly(Q). For each f(x) in Ly(Q), set Tf={{f(£)}, {/}}}. It follows fromTheorem
4.1 that T'is an isometry from Ly(Q) onto =% @ I2< H.

THEOREM 5.1. Suppose § € H. Then
(5.3) TT'qd = 4.

Note. It is an immediate consequence of this theorem that H=.% The following
proof is analogous to that given by Ikebe for the operator —A associated with the
exterior problem [5].

Proof. Set 7={{y.(£)}, {y;}}=4—TT'G. We shall show that $=0. Making use
of the unitarity of the transformation T, =Tg !, it is clearly sufficient to show that

(54) 0=Ty=Lim3 [ r@wixode
te E24+ vy =b

and

(5.5 y;=0, j=1,2,...,k.

We shall begin by establishing the equation

(5.6) S nemxod-o,

a<i2+v,<B

where [e, B] € A.
For any point x in Q, set

) =S f P ) de+ 5y,

&+ ypsm s=m
and
c k) = f'n(f)wn(x 5 f) ‘)';jo(X)
(5.7 Z(x;6) = D f e d§+hgm T

E2+vp=m
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where «=7+1ie, ¢>0. It is obvious that (—A—«)Z,(x; k) =z,(x) and Z,(x; x¥)=0
on Q. Clearly z,(x) and Z,(x; «) € Ly(Q). Thus Z,(x; K)=(4—«)"1z.(x). As
m-—>o0, z,— T'y=T'g—T'T(I'g)=0 in Ly(Q) by Theorem 4.1, part (ii). Since
1Zn(: s )| o = C |z 13» We have

(5.8) Zn(x; ) —>0in Ly(Q)  as m —>oo0.

Let D be an arbitrary bounded, measurable subset of Q. Then (5.7) and (5.8)
give

0= lim | Z,(x;«)dx

m—o Jp
i w,,(x Eya(§) df wix)y;
(5'9) B "lll—'n:) dx[z 224y, Em Vy— K Agﬂl Aj]—: ]
@ © k‘
= 21 J. e g;nfzn‘f,( R wa(x; €) dx+ ;1 iji—K N w,(x) dx.
Set

O = [ mxoan P = [ mwdx
D D
Clearly {p2(é)}, {(p{}} € H, i.e.
[ ) k
> 7 Iptordg+ Y 1pp <o
n=1¢J-® i=1
It now follows from (5.9) that

(5.10) ZJ‘ )’n(f)Pn(f) §+z 7’11’1 - 0.

AJ—K

Replace « by & in (5.10), then subtract, integrate with respect to = from « to B,
and take the limit as ¢ | 0. Using the dominated convergence theorem, (4.23),
and the fact that

00 'Y Kk
Zf b O5 O] dE+ D [y,5?
n=1¢-® j=1

(mj |7n(£)l2d§) (2 J: |p£(g)|z)”2

12

(3 m0) (2 107) <
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we obtain

0 — lim [ [ df(i = 2iey, (P3O d§) o dr(i ey, pP )]

€40 n=1 —oo(§2+vn_7)2+32 j=1 (Aj—7)2+e2

= 2i "Zl f_ '}’n(f)pn(f) hm f ﬁi—‘j’%-—k?

(5.11)
ed‘r
+21 Z '}’jpj llmJ‘ (Aj—‘r)2+£

=2 | dx(z

where we used the fact that A; ¢ [«, 8] for j=1,2,..., k. Since D is arbitrary, this
implies (5.6).
We now prove (5.4). Given any p2v,, (5.6) implies that for ¢>0,

ya(Ewal; &) df) ‘0,

€<&2+vp<p

S [ wemwod=o,

pP—e<&+vy<p+e

where v;, A;¢ [p—e, p+e] for j=1,2,..., k. Substituting A=v,+£2, and then
letting ¢ | 0, we conclude

(5 12) 0= % yal(p —vn) P)Wa(x; (p— Vn)ll;)(:‘i’:t’i)_l/(zp =) P)wa(x; — (P - Vn)llz)

where vy, <p<vy,,1p€ A, and x€ Q.
Now set

2 Yal(p=vu)"wax; (p—v)''®) + yu(— (p —va) "IWR(x; —(p—va)*?)
2(p—v,)'2

for vy, <p<wy,+1, pin A, and x in S. pu(x; p) € C*S) and u(x; p)=0 on S. Also
—Ap=pp. From (5.12) and the definition of w,(x; (A—v,)*'?) it follows that for
all xin Q

wx; p) =

(s p) = — Z" Yal(p —va)2)vu(x; (p—vn)”;)(;rz,:’(")—”(zp—vn)”z)v,.(x; —(p—vn)'"?)

Thus u(x; p) satisfies the radiation conditions (3.2) and (3.3) for |xy| sufficiently
large. Therefore, by Theorem 3.1, we have

0 = p(x; p)

_ ﬁ [ya((p —va)2)Wax; (p—¥o)"'D) +¥u( = (p—va)"2)WR(x; —(p—v,)"?)]
= 2p—vn)*

(5.13)
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Integrating with respect to p from vy, to vy, ,; gives

(5.149) 0=
J‘ ot g: walx; (p—va)2)ynl(p—va)*'2) + Walx; —(p—v)2)yal— (P_Vn)llz)]
VN, n=1 2(P_V )1/2

for each positive integer N,. Finally, letting N, —oo0, we conclude from (5.14)

that for each x in S, we have

0= Z f [wa0x; (p—vn)2)yn((p —va) ") + Wa(x; —(p—va)Jyal— (p—vn)”z)]
= 2(p—v )1/2

Substituting p=¢2+v,, we have 0=737_, [*, wi(x; é)yn(£) d¢. This gives (5.4).

Therefore

(5.15) (O} = 0.

Finally we prove (5.5). Suppose A;=X;,;=---=A;,, is an eigenvalue of 4
of multiplicity s+ 1. Choose an interval [«, 8] such that A; € [, B] for J<j<J+s,
and A, ¢ [, B] for j<J and j>J+s. Repeating the argument used to derive (5.11)
and employing (5.15) we conclude that [, >5_o ¥, w,+(x) dx=0. Since D is
arbitrary, it follows that >§_; y,;,,w,,(x)=0. Using the fact that {w,,(x)}
(i=0,..., S) are linearly independent, we have proven (5.5). This completes the
proof of Theorem 5.1. Q.E.D.

The results of §2 together with Theorems 4.1 and 5.1 show that the operators
A, and A° (the continuous part of the operator A4) are unitarily equivalent. The
functions w,(x; €) form a complete, orthogonal set of generalized eigenfunctions
of the operator A°. Denote the functions w,(x; £) and v,(x; ) by w;(x; £) and
vn (x; £), respectively. The behavior of v (x; ¢) for |xy| sufficiently large is described
by the *“outgoing” radiation conditions (3.2) and (3.3).

We may obtain another complete, orthogonal set of generalized eigenfunctions
wy (x5 E)=wa(x; €)+v; (x; €) in the same way. To construct the *incoming”
solutions v; (x; £) we would prove a theorem analogous to Theorem 3.2 (in this
case we would have £ <0). The functions v; (x; £¢) constructed in this manner have
the following Fourier expansions

vi(x; &) = D dif exp [— (= (E+v) xyIn(®),  for b < xy,

(5.16) B
= 2. d exp [ = (E+m) Pxln(R),  for xy £ K
T = S @) exp [ = (€40 i),
(5.17) . for ' < xy,
= 2, 470y (@ u)2 exp (05— (€ +0)) “xaln(3),
for xy = —H,

where djf, d; are constants, (b — (£2+v,))'2=i(£+v,—v,)'2, and €2 +v, € A.
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6. Remarks concerning a semi-infinite cylinder. Suppose now that the unper-
turbed domain is the semi-infinite cylinder S’ described in §2. The perturbed
domain Q' may be defined as follows:

1) Q'<s’,

(i) Q'=S" for h=<xy, and

(iii) &' is a C* surface in R".

Denote the operators As. and Ao by A, and A respectively.

The functions w(x; &)= (2/m)''2 sin éxyn,(X) were shown in §2 to form a complete,
orthogonal set of generalized eigenfunctions for 4,. Using the same arguments as
in §§3-5, we can prove results analogous to Theorem 4.1 and Theorem 5.1. In
this case the distorted plane waves wx(x; ¢) have the form wE(x; £)=wi(x; &)
+ovE(x; £), where the functions v, (x; €) (vy (x; €)) satisfy ““outgoing” (‘‘incom-
ing”’) radiation conditions for A <h’ < xy, similar to those given by the Fourier
expansions (3.4), (3.5) ((5.16), (5.17)). It thus follows that the operator A° is
unitarily equivalent to the operator A4,.

We now state some known results concerning the point eigenvalues of the opera-
tor A. First of all, there are no point eigenvalues in the interval (—oo, v;). Hence
the spectrum consists entirely of the interval [v;, o). This follows from results in
a paper by Jones [7]. This does not rule out the possibility of point eigenvalues
embedded in the continuous spectrum. There are no point eigenvalues at all,
however, when Q' satisfies the following additional condition:

cos @(s) < 0 for each point x(S) on <,

where ¢(s) is the angle between the exterior normal to Q' and the positive xy-axis.
This was first proven by Rellich [11]. In this case it follows from our results that
A is unitarily equivalent to A4,.

7. More general boundary conditions. Let us now consider a different class of
boundary conditions of the form

(7.1 opfon = pp,

where p=p(xy,..., Xxy_;) is a piecewise continuous function, p<0, and n is the
outward directed normal from the boundary of the domain. The domains under
consideration are the infinite cylinder S described in §2 and the perturbed infinite
cylinder Q described in-§3.

We first define precisely an operator A%’ given by —A acting on functions that
satisfy the boundary condition (7.1) on the boundary B of a domain B in RY. Set

D(A%”) = {@(x) | pe CY(BU B) N C%(B), D%p = O(|x|~%) forj=1,2,...,
|| < 2 and |x]| large, op/on—pp = 0 on B, Ap € Ly(B)}
and set AY” = —Ap for ¢ in D(4¥”). It follows from Green’s formula that A% is a

positive, symmetric operator. We now define A%’ to be the closure of A¥”. It is
easily seen that A%’ is a positive, selfadjoint operator.
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Set AP =AY, and AL =A“. As in §2, we may exhibit explicitly a complete,
orthogonal set of generalized eigenfunctions w(x; £) for the operator A¥. Denote
by 7.(X) a complete, orthonormal set of eigenfunctions for the operator A{®,
with corresponding eigenvalues v, (/ being the cross-section of S). Suppose
v Sva < -+ -. Then wi(x; €)=(2m) /2 e"*nm,(X).

We may construct two sets of generalized eigenfunctions w(x; £) for the
operator A exactly as in §3. Again the key result is the fact that the boundary
value problem (—A—MXNu=F, ou/0h=pu on Q has a unique solution subject to
the appropriate radiation conditions at infinity, where F(x)=0 for h<h’'<|xy]
and Fe C*(Q). We also assume that v,<A<v,,; and A#), for j=1, 2,. .., where
{A;} represent the eigenvalues of A”. The proof is the same as that of Theorem 3.2.

Thus we may construct two sets of generalized eigenfunctions wi(x; ¢)
=wi(x; &) +vE(x; &), where vf(x; ¢ (v;(x; £)) may be expanded in Fourier
series of the form (3.4), (3.5), ((5.16), (5.17)). Now, denoting the eigenfunctions
of A by w;(x), we may show that the results of Theorems 4.1 and 5.1 remain
true in this case. All of the proofs in §§4 and 5 go over essentially unchanged.

8. More general domains. Again we shall consider a perturbed infinite cylinder,
Q, in R, (The same arguments would go through for a perturbed semi-infinite
cylinder.) In this case, however, we do not stipulate that Q be contained in an
infinite cylinder. Thus Q need only satisfy the following two conditions (see
Figure 2).

(1) Q=S for |xy| 2 h,

(2) Qis a C? surface.

N\

!
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, |
|
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I —

—/

FIGURE 2

We shall show that for A real there can be at most a finite number of bounded
linearly independent solutions of the boundary value problem

8.1 A+Mp =0 inQ,
8.2) w=0 on Q.
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(Actually the result proven in Theorem 8.1 is stronger than that stated above.)
We begin with the following lemma:

LEMMA 8.1. Suppose u(x) is a real-valued function defined in Q such that
w(x) € Ly(Q) and p(x) is a solution of the boundary value problem:

8.3) Ap+ap+a, Oploxy = 0 in Q,
(8.4 p=0 onQ

where a,, a, are real constants. Then there exists a constant C, independent of the
Sunction u(x) such that

8.5 lelie, £ Cleloy
Proof. The divergence theorem, combined with (8.3) and (8.4), yields

- L2

i=1

8x,

o . o .
= [ ap+a -—dx+f OB gz f 9 az.
fo, 14 2/ 6 l_'l"axN

Using the fact that |ayu(x) 9u(x)/0xy| < a3|p(x)|2/2+3|0p(x)/0xy|?, we thus have
®.6) 3 L V|2 dx < J'n (a1+ )|/.L(x)|2dx+ J‘ () 3#( )dx fl ) 20 3u(x) 5

Set J,= [, p(x)(@p(x)/0xy) d%. We claim that
®.7) lim inf J, < 0.

r— 0

If this were not true, then there would exist constants r,, C>0 such that J,.= C for
r 2 ro. Integrating by parts, we have

r r” ) .
f T, diy = f f Bx) o dy d
To 1 Jrg N

T a .
= f ([I*2 (x)]a,—f u(x) 55— de) dx.
l ro N
This implies that
[ i =4 [ 0 -2z, 1ol
To 1
Hence

C(r—ro) = jr JoydXy = % f p3(x) d)‘é—J pwi(x) dx
To I lrg

- Cot+3 fl W3(x) d.
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From this it follows that

f w2(x) dx = lim j 2(x) dx = co.
a rowo Ja,

This contradicts the fact that pe L,(Q). Thus (8.7) holds. Similar reasoning
implies

(8.8) lim supJ_, = 0.

r—

We conclude from (8.6)—(8.8) that

J; |Vu(o|? dx < 2(a1+"7§) J:. w2 dx.

This proves the lemma. Q.E.D.

Before proving the main result, we shall define a new Hilbert space H® with
norm < D, Set H*=L,(Q; do,(x)), where do,(x)=exp [—aexy]dx, and o>0.
Thus if f(x), g(x) € H%, then

e = [ SO) e i,
¢ 1/2
o= ( fn Lf()|? e~ dx) .

Let S* be the subspace of H® consisting of all solutions of the boundary value
problem (8.1), (8.2) (A real), contained in H®. Clearly every bounded solution of
(8.1), (8.2) belongs to S* for every a>0.

THEOREM 8.1. S is finite dimensional.

Proof. It is clearly sufficient to prove the result for real-valued functions defined
in Q. Thus we assume that all functions considered are real-valued. We first show
that the unit ball in S is precompact.

Suppose {u,} represents a sequence of functions in S* satisfying the condition

(8.10) e = ([itexp —amiar) " 1.

We want to show that there exists a subsequence {u,} of {u,} such that
(8.11) pny—BnDe—>0  asi, j—>oo.

Set

(8.12) va(x) = pn(x) exp [—(e/2)xy].

It follows from (8.1) and (8.2) that

(8.13) —Av, = v, +(o?/4)v, + o(Ov,/Oxy),

(8.14) v, =0 on Q.
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From (8.10) we have

(8.15) [vnllog = 1 forn=1,2,....
(8.13), (8.14), (8.15) and Lemma 8.1 yield
(8.16) [va 1, £ C  form=12,....

We now employ a generalized Phragmén-Lindel6f theorem, due to Lax [8]
to conclude that there exists a § >0 such that

8.17) lonlig-a,, < Ce™ ™,

C being independent of n, M=1,2,.... For each bounded subdomain Q,, it
follows from the Rellich selection principle and estimate (8.16) that there exists a
subsequence {vn} such that

||vn”;-—v,‘{{||omm—>0 as i, j —oo.

The sequences are chosen in such a way that {v}}} < {v}1~*} for each M. Denote the
diagonal subsequence {v,} by {v,}. It is obvious that [v,—v,[loq,,—>0 as:
i, j—oo, for each M=1,2,....

Now, given any >0, choose M, so large that

(8.18) Cexp [—8M,] < /4.

Also, choose i and j so large that

8.19) |98, = nlocapgy < €/2-

It follows from (8.17)—(8.19) that

(8.20) [0, = VnJl0y < € for i and j sufficiently large.

From (8.12) and (8.20), we conclude that the subsequence {x, } of {u,.} is a Cauchy
sequence in H® We have thus shown that the unit ball in S* is precompact. This
clearly implies that S¢ is finite dimensional. Q.E.D.

Note that the conclusion of this theorem still holds if the boundary condition
(8.2) is replaced by (7.1). The proof is essentially the same.
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the preparation of this paper, which is based upon-a doctoral dissertation at New
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